Neutron stars are ideal to probe, not only nuclear physics, but also strong-field gravity. Approximate universal relations insensitive to the star's internal structure exist among certain observables and are useful in testing General Relativity, as they project out the uncertainties in the equation of state. One such set of universal relations between the moment of inertia (I), the tidal Love number and the quadrupole moment (Q) has been studied both in General Relativity and in modified theories. In this paper, we study the relations in dynamical Chern-Simons gravity, a well-motivated, parity-violating effective field theory, extending previous work in various ways. First, we study how projected constraints on the theory using the I-Love relation depend on the measurement accuracy of I with radio observations and that of the Love number with gravitational-wave observations. Provided these quantities can be measured with future observations, we find that the latter could place bounds on dynamical Chern-Simons gravity that are six orders of magnitude stronger than current bounds. Second, we study the I-Q and Q-Love relations in this theory by constructing slowly-rotating neutron star solutions to quadratic order in spin. We find that the approximate universality continues to hold in dynamical Chern-Simons gravity, and in fact, it becomes stronger than in General Relativity, although its existence depends on the normalization of the dimensional coupling constant of the theory. Finally, we study the variation of the eccentricity of isodensity contours inside a star and its relation to the degree of universality. We find that, in most cases, the eccentricity variation is smaller in dynamical Chern-Simons gravity than in General Relativity, providing further support to the idea that the approximate self-similarity of isodensity contours is responsible for universality.
Introduction
General Relativity (GR) has successfully passed all the tests performed so far in various regimes of gravity. Solar System experiments have placed very tight constraints on weak-field modifications to GR [1, 2] . Various cosmological observations have placed bounds on large scale modifications [3] [4] [5] [6] [7] . The recent discovery of gravitational waves (GWs) from binary black hole (BH) coalescences by the LIGO Scientific Collaboration (LSC) and the Virgo Collaboration [8] [9] [10] [11] [12] allowed one to probe gravity in both the strong and dynamical field regimes for the first time [13, 14] . Future GW observations of binary BH coalescences will significantly improve the ability of probing gravity in such a regime [15] [16] [17] [18] [19] [20] .
Neutron star (NS) observations are also excellent tools to perform strong-field tests of gravity [21] [22] [23] . One very timely example is the detection of GWs and electromagnetic waves from a binary neutron star merger GW170817 [24] . This observation allows for bounds on the propagation speed of GWs, on gravitational Lorentz violation and on the equivalence principle [25, 26] . Unlike BH observations, one can use NS observations to probe how non-GR effects may arise in spacetimes with matter. For example, binary pulsar observations [27] [28] [29] [30] have been used to probe spontaneous scalarization in scalartensor theories [31, 32] , which arises due to the nonlinear coupling between matter and a scalar field, and is absent in BH spacetimes. Since the density inside a NS exceeds the nuclear saturation density, one can use independent measurements of NS quantities, such as the mass and radius, to probe the equation of state (i.e. the relation between pressure and density) of supranuclear matter, which is currently unknown [33] [34] [35] [36] [37] [38] [39] [40] . Unfortunately, however, this means that there typically exists a degeneracy between equation-of-state effects and strong-field modifications in NS observations, rendering the latter unfeasible without knowledge of the former.
One way to overcome such a problem is to use approximate universal relations among NS observables, i.e. relations that do not depend strongly on the underlying equation of state (EoS), to project out uncertainties in nuclear physics and allow for tests of GR. Universal relations are known to exist for example between the oscillation frequencies of NSs and the stellar average density [41, 42] , or between the binding energy of a star and its compactness [33] . Recently, two of us found another example of universal relations, one that holds among dimensionless versions of the moment of inertia (I), the tidal Love number (Love) and the quadrupole moment (Q) [43, 44] . The universality, in fact, depends sensitively on how one adimensionalizes these NS observables [45] . For example, the I-Q universality is lost for rapidly-rotating NSs if one fixes the angular velocity [46] , but it is restored if one fixes the dimensionless spin parameter instead [47, 48] .
What is the origin of the I-Love-Q universality? Reference [49] argued that the fact that isodensity contours inside a star are approximately elliptically self similar is the reason. In other words, the fact that the eccentricity of such isodensity contours is approximately constant throughout the star is responsible for the approximate universality. Indeed, Ref. [49] showed that the NS eccentricity varies by only ∼ 20% throughout its interior for all EoSs they considered, providing evidence for this explanation. Moreover, Ref. [50] showed that the relations become significantly less universal if one artificially forces the variation of the eccentricity of isodensity contours to increase. This explanation is also consistent with the results of [51, 52] , who suggested the origin of the universality is associated with all realistic EoSs being "similar" to an incompressible (constant density star) one, in which case the elliptical isodensity approximation becomes exact.
The I-Love-Q relations have applications to strong-field tests of gravity, astrophysics [53] , gravitational-wave physics [43, 44] and nuclear physics [54, 55] (see [56, 57] and references therein for detailed and recent reviews), but let us concentrate on the former. Future radio observations may provide the first measurements of the moment of inertia of the primary pulsar in J0737-3039 [58, 59] , while future gravitational-wave observations may provide the first measurements of the NS tidal Love number [60] [61] [62] [63] [64] [65] [66] [67] * . These two independent observations define a region in the I-Love plane, whose size is determined by the uncertainty in the observations. If GR holds, then the GR ILove relation will pass through this region, thus placing constraints on any deviation. Modified theories that predict parametric deviations in the GR I-Love curve can then be constrained, as is the case in scalar tensor theories [68] [69] [70] , f (R) gravity [71] , Einsteindilaton Gauss-Bonnet gravity [72, 73] , dynamical Chern-Simons (dCS) gravity [43, 44] and Eddington-inspired Born-Infeld gravity [74] . Whether such I-Love tests are more constraining than other existing tests, using for example Solar System observations, depends of course on how stringent the other constraints are.
In this paper, we study the I-Love-Q universal relations in dCS gravity [75] [76] [77] , a parity violating effective field theory of gravity. The effective action in this theory consists of the Einstein-Hilbert term and a Pontryagin density (i.e. the contraction of the Riemann tensor and its dual) coupled to a dynamical scalar field with a standard kinetic term. Such a modification to the action arises naturally in string theory [78, 79] , in loop quantum gravity upon the promotion of the Barbero-Immirzi parameter to a field [80, 81] , and in effective field theories of inflation [82] . Stellar solutions in dCS gravity have of course been studied before: non-rotating solutions do not acquire any modifications, while slowly-rotating solutions to first order in rotation were found in [83] and to second order in rotation in [84] , following the Hartle-Thorne formalism [85, 86] .
We here extend previous results in several ways. First, we evaluate the quadrupole moment in dCS gravity following [84] , and study the universality in the I-Q and Q-Love relations. Second, we investigate how the universality depends on the normalization of the coupling constant in dCS gravity. Third, we look at the eccentricity profile of isodensity contours inside a NS in dCS gravity to determine whether the elliptical isodensity explanation continues to hold in this theory. Lastly, we investigate the dependence of the projected bounds on dCS gravity using the I-Love relation on the measurement accuracy of the moment of inertia and the tidal Love number. Figure 1 . (Color Online) (Top) Universal relation between the dimensionless moment of inertiaĪ and quadrupole momentQ for various realistic EoSs in dCS gravity, using a dimensionless coupling constant normalized by the NS mass and set toξ = 10 3 . We also show a global fit to all dCS I-Q curves (black solid), together with a global fit to all I-Q curves in GR [43, 44] (black dashed). Observe how the relation deviates from the GR one as one decreasesQ (as one considers more massive and compact NSs). (Bottom) Fractional difference between any one I-Q curve in dCS gravity and the global fit, together with the fractional difference between two I-Q relations in GR and a global fit in GR using the Shen and ALF2 EoSs. Observe that the amount of universality in dCS gravity is similar to that in GR for large or smallQ, while the dCS universality is stronger whenQ ∼ 5.
Executive Summary
The first topic we investigate is the universality of the I-Love-Q relations. The top panel of Fig. 1 presents the I-Q relation in dCS gravity for various EoSs, where we adimensionalize the dCS coupling constant by the NS mass. Observe that the relation is still approximately EoS universal, with dCS deviations from the GR I-Q relation becoming more prominent for more compact (smallerQ) stars. The bottom panel shows the fractional difference between any one I-Q curve in dCS and a global fit constructed from all dCS data sets, together with the EoS variation found in GR for two EoSs for comparison. Observe that the EoS variation in dCS gravity is similar to that in the GR case, for large and smallQ. Observe also that whenQ ∼ 5, the EoS variation in dCS gravity is roughly one order of magnitude smaller than that in GR; this is because when Q is large (small), the EoS variation is dominated by the GR (dCS) contribution, while the dCS and GR contributions partially cancel each other whenQ ∼ 5 for the specific value of the dimensionless coupling constant we chose in this example.
The second topic we investigate is how the degree of universality changes when one chooses different normalizations for the dCS coupling constant. As we showed in Fig. 1 , the degree of universality in dCS gravity is similar to (and in some cases even stronger than) the degree of universality in the GR case, when one adimensionalizes the coupling constant by the NS mass. We find, however, that if one adimensionalizes the coupling constant with either the curvature length of the system, or simply with a solar mass, the universality is lost. These results demonstrate that, even in dCS gravity, the existence of universality in the I-Love-Q relations depends sensitively on how one adimensionalizes the dimensional quantities of the problem. We expect this to remain true in other theories of gravity that depend on dimensional coupling constants, such as in Einstein-dilaton Gauss-Bonnet gravity.
The third topic we investigate is whether the self-similar elliptical isodensity explanation of the I-Love-Q universality persists in dCS gravity. We find that as one increases the dCS coupling, the eccentricity variation throughout the star becomes smaller and the universality becomes stronger, thus supporting the self-similar elliptical isodensity explanation [49, 50] . However, if one increases the dCS coupling too much, the EoS variation is dominated by the dCS contribution, and then, although the eccentricity variation continues to decrease, the universality does not necessarily improve. This suggests that the origin of the universality in modified theories of gravity may be more complicated than in GR, as additional non-GR contributions come into play.
With the universality of the I-Love-Q relations established and explored, we then investigate the dependence of I-Love constraints on dCS on the accuracy to which the moment of inertia and the Love number could be measured by binary pulsar and gravitational wave observations. Figure 2 shows how the bounds on the dCS coupling constant varies with the measurement accuracy. Observe that the bounds are O(10 2 )km, namely six orders of magnitude stronger than current Solar System [87] and table top [88] experiments. This is because NS observations allow one to probe stronger gravitational field regimes, where the dCS corrections would be naturally larger than those present in the weak field regime. Observe also that these constraints only depend on these measurements being possible, with the strength of the constraint not strongly dependent of the accuracy to which these quantities are measured.
The remainder of this paper presents the details of the results summarized above and it is organized as follows. Section 2 briefly reviews dCS gravity and explains a few approximations that we adopt throughout the paper. Section 3 describes the perturbation scheme that we use to construct slowly-rotating NS solutions in the theory by extending the Hartle-Thorne formalism. Section 4 reviews the structure of the field equations and how we numerically obtain dCS corrections to physical observables, such as the moment of inertia, the quadrupole moment, the tidal Love number and the stellar eccentricity. We also explain how we adimensionalize the moment of inertia, tidal Love number and quadrupole moment and derive dCS corrections for such dimensionless quantities. We further comment on how to evaluate the stellar eccentricity. Section 5 presents all of our numerical results. Section 6 provides a final summary of our work and describes possible avenues for future work. . We assume that the former is measured from future radio observations of binary pulsars, while the latter is measured from future GW observations of NS binaries. Observe that the constraints are always six orders of magnitude stronger than current bounds ( √ α < O(10 8 )km) from Solar System [87] and table-top [88] experiments, approximately independently of the accuracy to which these quantities can be measured.
Review of Dynamical Chern-Simons gravity
In this section, we review dCS gravity and explain the approximations that we adopt throughout the paper. We mostly follow [84, 89] .
Action and Field Equations
We begin by presenting the action in dCS gravity. The modification to the Einstein Hilbert action is introduced by adding the Pontryagin density coupled to a dynamical scalar field ϑ to the Lagrangian, namely [77] 
Here, R is the Ricci scalar, L mat is the matter Lagrangian density, g is the determinant of the metric, κ g ≡ 1/(16π), and α and β are coupling constants of the theory. The dual of the Riemann tensor * R µνρσ is here defined by
where ε ρσαβ is the Levi-Civita tensor. For simplicity, we have neglected any potential for the scalar field. We take ϑ and β to be dimensionless, which forces α to have dimensions of (length) 2 [88, 90] . Solar System [87] and table-top [88] experiments place bounds on the characteristic length scale of the theory, ξ [87, 88] where
We next look at the field equations derived from the action in Eq. (1). The modified Einstein equations are given by
Here, G µν is the Einstein tensor and T mat µν is the matter stress-energy tensor. The C-tensor and the scalar field stress-energy tensor in Eq. (4) are given by
The dynamical scalar field ϑ satisfies the evolution equation
Taking the divergence of the field equation (4), and using the Bianchi identity and Eq. (7), we find that the matter stress-energy tensor obeys the same conservation law as in GR:
Slow-rotation and Small-coupling Approximation
Throughout this paper, we work within the slow-rotation approximation. We assume that the dimensionless spin parameter of a NS satisfies
where M * is the NS mass and J ≡ | J| is the magnitude of the spin angular momentum. This is an excellent approximation for old NSs, such as binary pulsars and NSs in a binary that are about to coalesce, one of the main sources of GWs for ground-based detectors.
We estimate NS quantities in dCS gravity within this slow-rotation approximation, keeping terms up to O(χ 2 ). Throughout this paper we also work in the small-coupling approximation. For isolated NSs, this approximation requires that the dimensionless coupling
where R * and M * are the NS radius and mass, R 3 * /M * is the curvature length scale of the star, and ξ CS is defined in Eq. (3). This requirement ensures that the dCS modification term (second term) in the action in Eq. (1) is always much smaller than the Einstein-Hilbert term. This, in turn, allows us to treat dCS gravity as an effective theory, so that we can safely neglect possible higher-order terms in the action, and allowing the theory to easily reduce to GR in the low energy limit. When calculating NS quantities in dCS gravity we will work in the small-coupling approximation to O(ζ).
One may wonder whether the small-coupling approximation is consistent with the current constraint on dCS gravity. Normalizing the small-coupling condition to neutron stars, one can rewrite Eq. (10) as
where C ≡ M * /R * is the stellar compactness. Observe that such a requirement is much more stringent than current bounds from Solar System [87] and [87, 88] . Therefore, requiring the small-coupling approximation is clearly not in conflict with current bounds on dCS gravity.
Given these approximations, all solutions we obtain will be bivariate expansions, i.e. expansions in two independent small parameters, χ and ζ. Therefore, it will be natural to first decompose any quantity A as follows
and then to further decompose the GR and dCS pieces as a sum over χ to O(χ 2 ), where α is a book-keeping parameter that labels the half-order in the small-coupling approximation, i.e. O(ζ) = O(α 2 ). Composing both expansions, we can typically write any quantity A as
where χ is another book-keeping parameter that labels the order in the slow-rotation approximation.
Ansatz for Slowly-Rotating Neutron Stars
In this section we first describe the metric ansatz and the stress-energy tensor for matter that we use to construct slowly-rotating NS solutions in dCS gravity.
Metric Ansatz and Bivariate Expansion
We begin by considering the following ansatz for the metric, which corresponds to a generic stationary and axisymmetric metric in the Hartle-Thorne coordinates [85] :
Hereν andλ are functions on r only that represent spin-independent contributions, whilē h,k,m andω are functions of (r, θ) and correspond to spin corrections. The quantitȳ
measures the enclosed mass within the radius r.
Since we are treating rotation perturbatively, we need to be careful with the coordinate system we work in [85] . When considering rotating stars in polar coordinates (r,θ), the fractional change in quantities like the energy densityρ and pressurep does not remain small near the surface. Thus, we adopt new coordinates (R, Θ), first proposed by Hartle [85] , such that the energy density in the new radial coordinate ρ(R) in the rotating configuration is the same as that in the non-rotating configuration:
Since the energy density and pressure are connected via an EoS, it follows that the pressure also does not acquire any spin corrections in the new coordinate system:
Moreover, since we treat rotation perturbatively and the changes in the density and pressure enter at O(χ 2 ), we can introduce the new coordinates perturbatively via
where ξ = O(χ 2 ). In the new coordinates, the line element becomes
where we have retained terms only up to O(χ 2 ) and we have defined
with the stellar mass M * = M (R * ). Bivariately expanding the above line element, we then find that all metric functions and the coordinate function ξ can be expanded as in Eq. (13):
with A = (h, k, m, ξ). Let us make several observations about the above decomposition. First, the metric functions ν and λ do not contain dCS corrections because non-rotating NS solutions in dCS gravity are the same as those in GR due to parity protection [75, 77, 91] . Second, also because of parity considerations, only the (t, φ) component of the metric contains terms odd in χ . Third, terms of O(α ) do not appear in the metric because of the structure of the field equations, which force the scalar field ϑ to be proportional to α in the small-coupling approximation [84] . The above decomposition is therefore the minimal line element for a slowly-rotating star in dCS gravity within the small-coupling approximation.
Matter Stress-energy Tensor and EoS
We assume we can describe the matter inside the NS as a perfect fluid, so that its stress-energy tensor is given by
where u µ is the fluid's four-velocity given by
The quantity Ω * is the constant angular velocity of the fluid, and thus of the entire NS, since we model stars in uniform rotation. The normalization condition of the four-velocity u µ u µ = −1 determines u 0 in terms of the metric functions [84] . To close the system of equations, one needs to specify the EoS that relates p and ρ. In this paper, we consider six different EoSs: APR [92] , SLy [93] , Lattimer-Swesty with nuclear incompressibility of 220 MeV (LS220) [94, 95] , Shen [95] [96] [97] , WFF1 [98] and ALF2 [99] . For the LS220 and Shen EoSs, we impose neutrino-less, beta-equilibrium conditions. The APR, SLy and WFF1 EoSs are relatively soft, while LS220 is intermediate and Shen is a stiff EoS. The ALF2 EoS is a hybrid between APR nuclear matter and color-flavor-locked quark matter.
Constructing Neutron Star Solutions
In this section, we first review the structure of the field equations at each order in the dimensionless spin parameter. We then explain how we make each of the I-Love-Q quantities dimensionless following [43, 44] and derive dCS corrections to these quantities. We also derive the dCS correction to the stellar eccentricity in terms of the metric perturbation.
Structure of the Field Equations
The field equations are first expanded order by order in both χ and α and then solved numerically also order by order. At any given order, the equations are first solved numerically in the stellar interior, imposing regularity at the center, and then analytically in the exterior region, imposing asymptotic flatness at spatial infinity. One then matches the two solutions at the stellar surface, the radial location where the pressure vanishes, by requiring continuity and smoothness of all metric functions. From these metric functions, we then construct NS observables, such as the mass, moment of inertia and quadrupole moment. Below, we present a brief summary of the structure of the field equations at each order in spin; the full expressions can be found in [84] .
At zeroth order in spin, there is no dCS correction. The field equations reduce to the Einstein equations for a non-rotating configuration. Using the (t,t) and (R,R) components of the equations, together with the conservation of matter stress-energy tensor from Eq. At first order in spin, the only non-vanishing part of the modified Einstein equations is the (t, φ) component, which can be decomposed into a GR and dCS part of O(α 2 ). The dCS part depends on the scalar field, whose evolution equation forces it to be of O(α ). One can Legendre decompose both of these equations such that the set of partial differential equations becomes a set of ordinary differential equations. Boundary conditions at the stellar center and at spatial infinity make the = 1 mode the only non-vanishing piece of the equations. The magnitude of the angular momentum J can be read off from the asymptotic behavior of the g tφ metric component, and the moment of inertia is then found by
At second order in spin, one can again apply a Legendre decomposition to find that both the = 0 and = 2 modes contribute in the modified Einstein equations. Both modes have a GR and dCS contribution, with the latter again entering at O(α 2 ). The = 0 mode gives a spin correction to the mass, which is irrelevant in this paper. We thus focus on the = 2 mode, which allows us to calculate the quadrupole moment Q from the integration constants in the exterior solution. In particular, the gravitational potential U , which can be read off from the g tt component, has the asymptotic form *
whereŜ i is the unit spin angular momentum vector of a NS and n i is the unit vector that points to a field point.
The above solutions automatically lead to the mass and radius of the star M * and R * , the moment of inertial I and the quadrupole moment Q, but other important quantities can also be computed, such as the electric-type tidal Love number λ (tid) . This quantity characterizes the quadrupolar tidal deformability of a star and it is defined as [102] 
where Q (tid) is the tidally-induced quadrupole moment (not to be confused with the spin-induced quadrupole moment Q), while E (tid) is the external tidal field strength. One can treat tidal perturbations in a similar manner to perturbations due to spin. The main difference is that one must set ω = 0 (i.e. no parity-odd perturbation) in Eq. (19) and not impose asymptotic flatness when solving the equations. Then, Q (tid) and E (tid)
can be read off from the coefficients of the P 2 (Θ)/R 3 and P 2 (Θ)R 2 parts of the metric perturbation h when asymptotically expanded away from the NS surface, with P 2 the = 2 Legendre polynomial. Since dCS gravity modifies the odd-parity sector, λ (tid) does not acquire any dCS correction [103] .
Dimensionless I-Love-Q and Eccentricity Profiles
We next explain how we adimensionalize physical quantities. Let us first focus on the moment of inertia. We make this quantity dimensionless viā
which we expand asĪ
where clearlyĪ
We recall that the NS mass does not acquire dCS corrections to leading order in spin. Next, we look at the dCS correction to the dimensionless quadrupole moment. The latter is defined byQ
* This definition of Q is different from the one used in [84] by a factor of 2. We choose to use this definition here so that the GR contribution matches the Geroch-Hansen multipole moments [100, 101] and the moments used by Hartle and Thorne [86] .
which we expand asQ
where we have defined
Here we used the relation χ CS /χ GR = I CS /I GR . The second term inQ CS above typically dominates the first term in the stellar solutions we consider in this paper. Let us finally focus on the Love number. We make this quantity dimensionless viā
where the last equality follows from the fact that the electric-type tidal deformability is not modified in dCS gravity as already explained. Before presenting numerical results, let us also discuss the eccentricity contours inside the star at a constant radius. Following [86] , the eccentricity can be defined via
which we expand as
Here k 2 ) are the coefficients of the = 2 modes of k (2,0) and ξ (2,0) (k (2, 2) and ξ (2, 2) ) in a Legendre decomposition. Adimensinalizing this quantity, one further finds
Numerical Results
In this section we present numerical results obtained by solving the field equations order by order, and calculating the dimensionless quantities defined in the previous section. We conclude this section with a discussion of projected bounds we will be able to place on the theory given future observations of the moment of inertia and the tidal deformability. We begin by studying dCS corrections to the I-Love and Q-Love relations, which we present in the top panels of Fig. 3 . We recall thatλ (tid) does not acquire any dCS corrections, and hence corrections to the I-Love-Q relations originate from changes toĪ andQ. In Fig. 3 , we normalizeĪ CS andQ CS with
I-Love-Q relations
so that the dependence on the dCS coupling constant is factored out from corrections to the I-Love-Q relations in this figure. Observe that the dCS correction to the relations remains universal with respect to various EoSs. To estimate the degree to which these relations remain universal, we construct a global fit (shown by the black solid curves in the figure) for all the numerical data points in the form
where the coefficients are summarized in Table 1 . The bottom panel of Fig. 3 shows the fractional difference between each numerical data point and the fit, which corresponds to the EoS variation in these relations. Observe that the relations are universal to within 5%. Figure 3 corresponds to fixing the value ofξ (to unity), but how does the universality change if one normalizes the I-Love-Q relations differently? To address this question, Fig. 4 presents the dCS corrections to the I-Love and Q-Love relations fixing ζ (top),
-0.550 -0.023 Table 1 . Estimated numerical coefficients for the fitting formula in Eq. (43) for dCS corrections to the I-Love and Q-Love relations. ξ CS (middle) andξ (bottom), where the first two quantities are given in Eqs. (10) and (3) respectively. We choose ζ = 0.1 to ensure the validity of the small-coupling approximation, and thus we choose values for ξ CS andξ that correspond to ζ = 0.1 for a NS with mass 2M and radius of 10km. Observe that the universality is lost when the dCS correction is normalized by ζ or ξ CS , while it is recovered if one fixesξ. This clearly shows that whether the relations remain universal in modified theories of gravity depends crucially on how one normalizes observables with respect to the coupling constants of the theory.
Having studied the dCS corrections to the I-Love-Q relations and which parameter one should fix to retain universality, we now study the full I-Love-Q relations in dCS gravity, including the GR contribution. Figures 1 and 5 present such relations with ξ = 10 3 , together with the fractional difference from the global fit. Observe that the EoS variation is of O(0.1%) for the I-Love and I-Q relations, and of O(1%) for the Q-Love relation. We can compare this EoS variability with that present in GR, represented here through the fractional difference between the Shen and ALF2 EoSs relations in GR. Observe that in general, the EoS variation in dCS gravity is comparable to that in GR for the I-Love and I-Q relations, while the former is larger than the latter for the Q-Love relation, in particular for relativistic stars with smallerλ (tid) . Observe also that there is a certain parameter range for each relation in dCS gravity where the EoS variation is highly suppressed (e.g.λ (tid) ∼ 300 for the I-Love relation). This is because the GR (dCS) contribution in the EoS variation dominates for large (small) λ (tid) , while these two contributions partially cancel in the intermediate region.
Eccentricity Profile in dCS gravity
Let us now study whether the elliptical isodensity explanation as the origin of the universality in GR [50] mentioned in Sec. 1 is still applicable in modified theories of gravity. First, we look at how the stellar eccentricity variation inside a star in dCS gravity changes from that in GR. The left panels of Fig. 6 present the eccentricity profile for various EoSs withQ = 3.5 (top) andQ = 8.5 (bottom) in GR and dCS withξ = 10 3 . Observe that the eccentricity variation is smaller in dCS than in GR whenQ is relatively small. On the other hand such a variation in dCS is almost indistinguishable from that in GR for relatively largeQ. This is because one approaches a Newtonian regime for largerQ values, in which dCS corrections are suppressed. The top right panel of Fig. 6 shows the eccentricity profile in dCS gravity in more detail. Here we choose the Shen EoS andQ = 3.5, and study the eccentricity profile dependence onξ. One clearly sees that the variation becomes smaller for largerξ.
We now investigate how such an eccentricity variation is related to the amount of EoS variation in the I-Love-Q relations. The bottom right panel of Fig. 6 presents the fractional difference in the I-Q relation for the Shen EoS from the fit for various values ofξ. The vertical dashed line corresponds toQ = 3.5. For this value ofQ, observe that the fractional difference becomes smaller as one increasesξ from 0 to 500, with which the eccentricity variation becomes also smaller as explained in the previous paragraph. This finding supports the conclusion in [50] that the I-Q relation (or relations among multipole moments) becomes stronger as the eccentricity variation becomes smaller. However, if one goes beyondξ = 500 (as done also e.g. in Fig. 5 ), the EoS variation in the I-Q relation starts to increase, although the eccentricity variation keeps decreasing. This feature is opposite of what happens in GR and of what one would expect if the self-similarity of isodensity contours was solely responsible of the universality. This suggests that the origin of the universality in modified theories of gravity may be more complicated than that in GR due to the additional degrees of freedom present.
Future Observational Bounds
Universal relations project out uncertainties in nuclear physics, and thus they are very useful in probing strong-field gravity with NS observations. Let us then begin by reviewing how one can use these relations to probe dCS gravity following [43, 44] . Let us imagine that we measure the moment of inertia of the primary pulsar (whose mass is estimated as 1.338M [104] [105] [106] ) in the double binary pulsar J0737-3039 to 10% accuracy [58, 59] . We also show a 10% measurement accuracy of the NS moment of inertia with future double binary pulsar observations, and a 40% measurement accuracy of the NS tidal Love number with future gravitational wave observations, with a fiducial mass of 1.338M assuming the Shen EoS, which corresponds to the observed mass of the primary pulsar in J0737-3039. Observe that such observations, if realized, allow us to place the bound ξ < 1.85 × 10 4 , which is six orders of magnitude more stringent than those from Solar System [87] and table-top [88] experiments in terms of the characteristic length scale ξ Let us also assume that we measure the tidal Love number of a ∼ 1.338M NS * with an accuracy of 40% [43, 44] . Figure 7 presents these errors in the I-Love plane as dashed lines with the fiducial values taken to be a 1.338M NS (black star) assuming the Shen EoS (which gives the most conservative bound on dCS gravity among all the EoSs considered in this paper). The black solid curve corresponds to the I-Love relation in GR.
The relation in modified theories of gravity has to pass through the error box in order to be consistent with the above hypothetical measurements. In Fig. 7 , we show the I-Love relation in dCS gravity with three different choices ofξ. Observe that the relation withξ < 1.85 × 10 4 is consistent with the measurement errors, thus ruling out ξ > 1.85 × 10 4 . Using M * = 1.338M , one can map such a bound to a constraint on the characteristic length scale √ α 86 km, which is six orders of magnitude stronger [43, 44] than the bounds from Solar System [87] and table-top [88] experiments. Such a large improvement on the bound is realized because NS observations allow us to probe the strong-field regime, where dCS corrections become naturally large. One can also check that the above bound corresponds to ζ < 0.1 in terms of the dimensionless coupling * Even if we detect GWs from a NS binary with component masses different than the mass of the primary pulsar in J0737-3039, one can still measure the tidal Love number of a 1.338M NS by Taylor expanding the tidal Love number as a function of the NS mass about M * = 1.338M and measuring the leading-order coefficient, as done in [107] [108] [109] [110] [111] .
constant, and thus satisfies the small-coupling approximation. This finding shows the impact of using universal relations on probes of strong-field gravity.
We now go one step further and study how this putative bound on dCS changes with different measurement accuracy of the moment of inertia δĪ and tidal Love number δλ (tid) . The contours in Fig. 2 present the bounds on √ α as a function of the measurement accuracy δĪ/Ī and δλ (tid) /λ (tid) . Observe that the bounds are all of O(10 2 )km and are not very sensitive to δĪ or δλ (tid) . This is because to map from bounds onξ to bounds on √ α one must take a fourth root, √ α ∼ξ 1/4 , which then softens the dependance of the √ α constraint on δĪ and δλ (tid) . One should therefore be able to place bounds on dCS gravity that are roughly six orders of magnitude stronger than current ones if the moment of inertia and tidal Love number are measured with future NS observations, irrespective of the precise details of the measurement accuracy.
Discussion
In this paper we studied the I-Love-Q relations in dCS gravity. We found that whether such relations remain universal depends on what coupling parameter one fixes. If one fixesξ, the relations are universal, while the universality is lost for fixed ζ or ξ CS . By fixingξ, we found that the I-Love and I-Q relations are universal to O(0.1%), which is comparable to that in GR. On the other hand, the Q-Love relation is universal to O(1%), which is larger than in the GR case. We next studied whether the elliptical isodensity explanation as the origin of the universality still holds in dCS gravity. We found that the eccentricity variation inside a star in dCS is smaller that that in GR, and the universality in the I-Q relation becomes stronger as one increasesξ. However, if one increasesξ too much, the universality becomes weaker while the eccentricity variation keeps decreasing. This suggests that the origin of the universality in non-GR theories may be more complicated than in GR. Finally, we studied how one can use the I-Love relation to probe strong-field gravity. We found that future radio and gravitational wave observations should be able to place bounds on dCS gravity that are roughly six orders of magnitude stronger than current bounds, irrespective of the details of the measurement accuracy of the moment of inertia and tidal Love number.
One obvious direction for future work is to study the I-Love-Q relations for rapidlyrotating NSs. This could be done by modifying the publicly-available code RNS [112] . Such an extension is important to e.g. apply the I-Q relations to rapidly-spinning NS observations using NICER. Another avenue for future work includes studying other universal relations, such as those among higher-order multipole moments [113] and various tidal Love numbers [114] . In particular, we studied parity-even tidal Love numbers in this paper but it would be interesting to consider parity-odd ones [115] [116] [117] [118] [119] [120] [121] , as these quantities would acquire non-vanishing dCS corrections. One can also study the universal relations and the origin of the universality in theories other than dCS gravity. For example, universal relations have not been studied within Lorentz-violating theories of gravity, such as Einstein-AEther [122] [123] [124] and khronometric [125] gravity. In these theories, non-rotating [126] and slowly-moving [127, 128] NS solutions have been constructed but slowly-rotating NS solutions have not been studied in the literature yet. Work along this direction is currently in progress.
